Abstract. We deal with stability of some functional equations postulated for orthogonal vectors in a ball centered at the origin. The maps considered are defined on a finite dimensional inner product space and take their values in a real sequentially complete linear topological space. The main result establishes the stability of the corresponding conditional Cauchy functional equation and as a consequence we obtain some other stability results. Results which do not involve the orthogonality relation are considered in more general structures. In the present paper we unify all these investigations by considering the stability of the Cauchy equation postulated only for orthogonal vectors (orthogonal stability) from a ball centered at the origin. Because of methods used in proofs we restrict ourselves to the orthogonality in a finite dimensional inner product space.
Introduction
R. Ger and J. Sikorska [2] considered the stability of the Cauchy functional equation postulated for orthogonal vectors only and defined on the whole space. F. Skof [7] , [8] and F. Skof & S. Terracini [9] dealt with stability of the Cauchy and quadratic equations on the interval. Z. Kominek [3] studied stability of the Cauchy equation on the iV-dimensional cube in the space R^.
In the present paper we unify all these investigations by considering the stability of the Cauchy equation postulated only for orthogonal vectors (orthogonal stability) from a ball centered at the origin. Because of methods used in proofs we restrict ourselves to the orthogonality in a finite dimensional inner product space.
In what follows let (X, (-|-)) be a real inner product space and dimX = N for some integer N > 2. Let Y be a real sequentially complete linear topological space and V be a nonempty bounded convex and symmetric with respect to zero subset of Y. Let, further, for some positive number r, the set B r := {x £ X : ||x|| < r} denote the open ball in X centered at the origin and having radius r, where || • || stands for a usual norm in the inner product space. Unless explicitely stated we shall permanently use the just introduced notation.
We shall say that two vectors x, y £ X are orthogonal (x _L y) if and only if (x\y) = 0. Moreover, the symbols N, N 0 , M, M+ and Mj will stand for the sets of positive integers, nonnegative integers, real numbers, positive and nonnegative real numbers, respectively.
Auxiliary results
To show the orthogonal stability of the Cauchy functional equation on a ball centered at the origin we have to prove first several lemmas. We say As an immediate consequence of Lemma 2 and Lemma 3 we obtain the following The following lemmas establish some stability results concerning odd and even orthogonally additive mappings, respectively. 
Then for each two linearly dependent vectors x and y we have 
An easy induction argument shows that
whence Ylf= i a i < 4, and consequently |a,| <2 for alH G {1,..., iV}. Moreover, for at least three i G {1,... ,N}, we have |aj| > 1. Let us distinguish four cases.
(a) 1 < ai < 2. Then rij = 1 and, on account of Lemma 4, we state that
(b) 0 < ai < 1. Then m = 0 and A{ = 0.
(c) -1 < ai < 0. Then rii = -1 and
We shall show now that for every x, y G X one has
For this purpose fix x,y G X. Obviously x and y we can represented in the form
with some (uniquely determined) real numbers a*, (z G {1,..., TV}); nj, kt stand here for the integral parts of on and respectively, and rrii := c*j -n*, li * -Pi k{ (zG {1,..., AT}). Fix iG {1,..., N}. Assume first that rrii+li < 1.
Prom J. Ratz's paper [5] we derive the existence of an additive function a : X -> Y such that for all x G X we have
This jointly with (5) gives (4), what ends the proof.
A thorough inspection of the proof of the above lemma allows to observe that the condition x A. y in (2) and the oddness of function / were used in the inner product space only for estimating the Cauchy difference for vectors that were linearly dependent. So, the above result can be reformulated in a slightly different form. Proof. Let || • || be any norm in X coming from an inner product. Then, as in the previous lemma, we get the existence of an additive mapping a : X -> y such that for all x G Br := {x G X : ||x|| < r} one has
where
Since X is finite dimensional, the norms || • || and ||| • ||| are equivalent; there exist then positive constants a and ¡3 such that It is easy to check that
Finally, from (6) and (8), for an arbitrary x G B, we have Next results concern even mappings. (2) . Then for all x,y G Br such that x + y,x -y G Br one has (9) f{x + y) + fix -y)-
a(x) -f{x) = -/(¿*)) + (^/(¿^ " /(*))
G 2 p k' seqcW + (2 p -\)V C {2 p (k' + 1) -l)seqclV,
LEMMA 7. Let f : Br -» Y be an even function satisfying
Proof. Fix x,y € B r such that ||x|| = ||y||. Then J_ and
Hence for all x,y G B r such that ||x|| = ||y|| (10) f{x) -f{y) G 2V.
Since dimX > 2, for an arbitrary x 6 B r there exists a vector y E B r such that x _L y and ||x|| = ||y||. Using (2), (10) and the eveness of / we get (2) and (13) we get
f(x + y) + f(x-y)-2f(x)-2f(y) = /((a + 7)u +((3 + S)v) + f((a -7)u + {¡3 -S)v)
-2/(cm + ¡3v) -2f(ju + Sv)
= (/((a + 7)« +(/3 + S)v) -f(ocu + yu) -f{0v + Sv)) + (f((a -7)u +(0-S)v) -f(au -7u) -f{(5v -Sv))
+ (/(cm + 7 u) + f(au -7 u) -2/(cm) -2/(711)) + (/(/ft; + + -5«) -2f((3v) -2f(Sv))
+ 2(f(au) + f(j3v) -f(au + f3v)) + 2(/(7u) + f(Sv) -fi^u + fo))
6 V + V + 14V + 14V + 2V + 2V = 34V, which ends the proof. for all x G X, y E Br.
Then for all x, y G Br we have
G(x, y) -<p(x, y) G j ^ + 2j ^ d y for N > 3
In view of the additivity of Gy, the function G is additive with respect to the first variable. Now, we shall show that for every x,y,z G Br such that y + z G Br we have
Fix an x G Br. Using previous notations, for every k G N, we represent the vector 2 k x in the form G(x, y) -G(x, z) = G y+Z (x) -G y {x) 
Prom Lemma 6 (more precisely, from the part of the proof concerning the inner product space) we state that there exists a function 'J/ : B r x X -> Y additive with respect to the second variable and such that for all x,y € B r one has
U{x,y) 6 j 2 iV(4iV + 2) seqcl F for N > 3.
Prom the form of (defined as the limit of a suitable Cauchy sequence, cf. J. Ratz [5] ) it follows that it is additive with respect to the first variable as well. Moreover, from (14) and (15) Obviously rp is symmetric. Moreover, using the symmetry of ip and (16), and In the finite dimensional space X the norms || • || and ||| • ||| are equivalent. Now we proceed in the same way as in the proof of Lemma 6. This completes the proof. It is easy to check that From Lemma 8 we obtain the existence of a symmetric and biadditive function ip : Br/2 x Br/2 -> V such that
Using (19), (20) and (21) we may write
for all x G Sr/2, so that 
Main result
The main result of the paper reads as follows. 
